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ON SOME AUTOMORPHISM RELATED PARAMETERS IN
GRAPHS
IMRAN JAVAID∗, HIRA BENISH, USMAN ALI, M. MURTAZA
Abstract. In this paper, we deduce some properties of f -sets of connected
graphs. Also, we introduce the concept of fixing share of each vertex of a fix-
ing set D to see the participation of each vertex when fixing a connected graph
G. We define a parameter, called the fixing percentage, by using the concept of
fixing share, which is helpful in determining the measure of the amount of fixing
done by the elements of D in G.
1. Preliminaries
Let G be a graph with the vertex set V (G) and the edge set E(G). If two vertices
u and v share an edge, then they are called adjacent, otherwise they are called non-
adjacent. The open neighborhood of a vertex u is N(u) = {v ∈ V (G) : v is adjacent
to u in G}, and the closed neighborhood of u is N [u] = N(u) ∪ {u}. For a subset
U of V (G), the set NG(U) = {v ∈ V (G) : v is adjacent to some u ∈ U} is the open
neighborhood of U in G. Two distinct vertices u, v are adjacent twins if N [u] = N [v]
and non-adjacent twins if N(u) = N(v). A set U ⊆ V (G) is called a twin-set of
G if u, v are twins in G for every pair of distinct vertices u, v ∈ U . The distance
d(u, v) between two vertices u, v ∈ V (G) is the shortest length of a path between
them and the diameter diam(G) of G is max
u,v∈V (G)
d(u, v). We refer to the book [5] for
the general graph theoretic notation and terminology not described in this paper.
For a graph G, an automorphism of G is a bijective mapping f : V (G) → V (G)
such that f(u)f(v) ∈ E(G) if and only if uv ∈ E(G). The set of all automorphisms
of G forms a group, denoted by Γ(G), under the operation of composition of func-
tions. For a vertex v of G, the set {f(v) : f ∈ Γ(G)} is the orbit of v, denoted by
O(v), and any two vertices in the same orbit are called similar vertices. If u and
v are similar, then we write u ∼ v, otherwise we write u 6∼ v. Let us consider sets
S(G) = {v ∈ V (G) : |O(v)| ≥ 2} and Vs(G) = {(u, v) : u 6= v and O(u) = O(v)}.
Throughout the paper, the notation (u, v) represents unordered pair of vertices be-
cause the relation ‘∼’ is symmetric. Also, if G is a rigid graph (i.e., a graph with
Γ(G) = id), then Vs(G) = ∅. Recall that every automorphism is also an isometry,
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that is, for u, v ∈ V (G) and g ∈ Γ(G), d(u, v) = d(g(u), g(v)).
An automorphism g ∈ Γ(G) is said to fix a vertex v ∈ V (G) if g(v) = v. The
set of automorphisms that fix a vertex v ∈ V (G), called the stabilizer of v, is a
subgroup of Γ(G) denoted as Γv(G). An automorphism g ∈ Γ(G) is said to fix a set
D ⊆ V (G) if for every v ∈ D, we have g(v) = v. The set of automorphisms that fix
D is a subgroup ΓD(G) of Γ(G) and ΓD(G) = ∩v∈DΓv(G). If D is a set of vertices
for which ΓD(G) = {id}, then D fixes the graph G and we say that D is a fixing
set of G. Erwin and Harary introduced the fixing number, fix(G), of a graph G in
[6] and it is defined as the minimum cardinality of a set of vertices that fixes G. A
fixing set containing fix(G) vertices is called a minimum fixing set of G.
A vertex x ∈ V (G) is called a fixed vertex if g(x) = x for all g ∈ Γ(G), i.e.,
Γx(G) = Γ(G). A vertex x ∈ V (G) is said to fix a pair (u, v) ∈ Vs(G), if h(u) 6= v or
h(v) 6= u whenever h ∈ Γx(G). Note that fixing a pair (u, v) 6∈ Vs(G) has no sense.
Let (u, v) ∈ Vs(G) and the set fix(u, v) = {x ∈ V (G) : x fixes (u, v)} is called the
fixing set (or f -set) relative to the pair (u, v). It is also further assumed that if
(u, v) 6∈ Vs(G), then fix(u, v) = ∅. Thus, {u, v} ⊆ fix(u, v) ⊆ V (G). Let x ∈ V (G)
and the set F (x) = {(u, v) ∈ Vs(G) : x fixes (u, v)} is called the fixed neighborhood
of x. Also, if x ∈ V (G) is a fixed vertex, then F (x) = ∅. The fixing graph F (G) is
a bipartite graph with bipartition (S(G), Vs(G)) and a vertex x ∈ S(G) is adjacent
to a pair (u, v) ∈ Vs(G) if x fixes (u, v). Observe that NF (G)(D) = {(u, v) ∈ Vs(G) :
x fixes (u, v) for some x ∈ D} for any set D ⊆ S(G). Hence, the fixing number of
G is the minimum cardinality of a subset D ⊆ S(G) such that NF (G)(D) = Vs(G).
An upper bound on fix(G) was given by Erwin and Harary by using another
well-studied invariant, metric dimension, defined in the following way. Let W =
{v1, v2, . . . , vk} be a k-subset of V (G) and, for each vertex v ∈ V (G), define r(v|W ) =
(d(v, v1), d(v, v2), . . . , d(v, vk)). A k-set W is called a resolving set for G if for every
pair u, v of distinct vertices of G, r(u|W ) 6= r(v|W ). The metric dimension dim(G)
is the smallest cardinality of a resolving set of G. A resolving set of minimum
cardinality is a metric basis for G. The following results were given in [6].
Theorem 1.1. [6] (i)If W is a metric basis for G, then ΓW (G) is trivial.
(ii) For every connected graph G, fix(G) ≤ dim(G).
These last results establish metric dimension and fixing number are closely related
notions. Indeed, Ca´ceres et al. [3], and subsequently Garijo et at. [8], dealt with
the difference between these parameters by studying the following question that
appeared first in [1]: Can the difference between both parameters of a graph of
order n be arbitrarily large?
Another graph invariant related to metric dimension is the resolving number
res(G), which is the minimum k such that every k-set of vertices is a resolving
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set of a graph G. Observe that this parameter is a natural upper bound on the
metric dimension of G: dim(G) ≤ res(G).
In the next section, we study some properties of f -sets following the study of
R-sets by Tomescu and Imran [14]. To see the contribution of each vertex when
resolving a graph, the concepts of resolving share and resolving percentage were
introduced in [13]. In the second section, we introduce the concept of fixing share,
which tells about the participation of each vertex of a fixing set when fixing a graph
G. We also define the fixing percentage in G, by using the concept of fixing share of
each element of a fixing set of G, which is the measure of the amount of fixing done
by a fixing set in G. Then we compute the fixing share and the fixing percentage in
paths and cycles.
2. Properties of f-sets
Proposition 2.1. If there exists an automorphism g ∈ Γ(G) such that g(u) = v, u 6=
v and if d(u, x) = d(v, x) for some x ∈ V (G), then x /∈ fix(u, v).
Proposition 2.2. Let G be a cycle of order n and let (u, v) ∈ Vs(G).
(i) If n is even and d(u, v) is odd, then fix(u, v) = V (G).
(ii) If n is even and d(u, v) is even, then fix(u, v) = V (G) \ {x1, x2} where x1, x2 ∈
V (G) are the only antipodal vertices with d(xi, u) = d(xi, v), 1 ≤ i ≤ 2.
(iii) If n is odd and x ∈ V (G) is the vertex with d(x, u) = d(x, v), then fix(u, v) =
V (G) \ {x}.
Proposition 2.3. Let G be a path of order n and V (G) = {u1, ..., un} where ui is
adjacent to ui+1 with (1 ≤ i ≤ n − 1)}, then Vs(G) = {(ui, un+1−i) : 1 ≤ i ≤ ⌊
n
2
⌋}
and
(i) If n is even, then fix(ui, un+1−i) = V (G).
(ii) If n is odd, then fix(ui, un+1−i) = V (G) \ {un+1
2
}.
Two vertices u and v in a graph G are said to be twin if d(u, w) = d(v, w) for all
w ∈ V (G)\{u, v}.
Proposition 2.4. fix(u, v) = {u, v} if and only if u and v are twin vertices.
Proof. Let fix(u, v) = {u, v}. Now, if u and v are not twin, then there exists a
vertex w ∈ V (G) such that d(u, w) 6= d(v, w). If we fix w by an automorphism
f ∈ Γw(G), then f(u) = v implies d(w, f(u)) = d(w, v). Now w = f(w) implies
d(f(w), f(u)) = d(w, v) and fact that f is an isometry implies d(w, u) = d(w, v), a
contradiction. Thus u, v are twin.
Conversely, let u and v be two twin vertices and {u, v} ⊂ fix(u, v), then there
exists at least one vertex w( 6= u, v) ∈ V (G) such that f(u) 6= v and f(v) 6= u for
all f ∈ Γw(G). Since f is an isometry and f(u) 6= v, so d(u, w) = d(f(u), f(w)) 6=
d(v, w), a contradiction that u and v are twin. 
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In a complete graph, every pair of vertices are twin. Therefore, we have the
following corollary:
Corollary 2.5. Let G be a complete graph of order n and u and v be a pair of
distinct vertices, then (u, v) ∈ Vs(G) and fix(u, v) = {u, v}.
Corollary 2.6. Let G = Km,n be a complete bipartite graph,
(i) fix(u, v) = {u, v}, if both u and v are in same partite sets.
(ii) fix(u, v) = V (G), if u and v are not in same partite sets and m = n.
(iii) fix(u, v) = ∅, if both u and v are not in same partite set and m 6= n.
3. The fixing share in graphs
Remark 3.1. If u and v are twins in a connected graph G and D is a fixing set for
G, then u or v is in D. Moreover, if u ∈ D and v /∈ D, then (D \ {u})∪ {v} is also
a fixing set for G.
Remark 3.2. If U is a twin-set in a connected graph G of order n with |U | = m ≥ 2,
then every fixing set for G contains at least m− 1 vertices from U .
Definition 3.3. (Sole fixer) Let G be a connected graph and D be a minimum fixing
set of G. Let (u, v) ∈ Vs(G). If fix(u, v) ∩D = {x}, then x is called sole fixer for
the pair (u, v).
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Figure 1. The graph G1
Consider the graphG1 in Figure 1 with vertex set V (G1) = {v1, v2, v3, v4, v5, v6, v7}
and Vs(G1) = {(v1, v3), (v1, v5), (v3, v5), (v2, v4), (v2, v6), (v4, v6)}. A fixing set of
G1 with minimum cardinality is D1 = {v1, v3}. Since fix(v2, v4) = {v1, v5} and
4
fix(v2, v6) = {v3, v5}, so v1 is the sole fixer of the pair (v2, v4) and v3 is the sole fixer
of the pair (v2, v6) with respect to D1 = {v1, v3}.
Definition 3.4. Let G be a connected graph and D be a minimum fixing set of G.
Let (u, v) ∈ Vs(G) and x ∈ D be the sole fixer of (u, v) with respect to D. Then, x
is considered to has 1-share in fixing pair (u, v). Further, if (u, v) is also fixed by,
say m < |D| other vertices of D \ {x}, then x is considered to have 1
m+1
share in
fixing the pair (u, v).
For example in G1, the vertex v1 is considered to have 1-share in fixing the pair
(v2, v4) with respect to D1. However, vertex v1 is considered to have
1
2
-share in
fixing the pair (v4, v6), as fix(v4, v6) ∩D1 = {x1, x3}.
If D is a fixing set with minimum cardinality for a connected graph G and x ∈ D,
then the fixing share of x in D is defined as a measure of the amount of fixing done
by x in G. Formally, we have the following definition:
Definition 3.5. (fixing share) Let G be a connected graph and let D be a minimum
fixing set of G. For any x ∈ D and (u, v) ∈ F (x), we define a set F(u, v) = {F (y) :
y ∈ D and (u, v) ∈ F (y)}. The fixing share of a vertex x ∈ D in D is defined as
f(x;D) =
∑
(u,v)∈F (x)
1
|F(u, v)|
In the example of Figure 1, we have F (v1) = {(v1, v5), (v1, v3), (v2, v4), (v4, v6)} and
F (v3) = {(v1, v3), (v2, v6), (v3, v5), (v4, v6)}. Also F(v1, v5) = {F (v1)}, F(v1, v3) =
{F (v1), F (v3)}, F(v2, v4) = {F (v1)}, F(v4, v6) = {F (v1), F (v3)}. Thus, f(v1;D1) =
1 + 1
2
+ 1 + 1
2
= 3 and similarly f(v3;D1) =
1
2
+ 1 + 1 + 1
2
= 3.
Definition 3.6. (fixing sum and percentage) Let D be a minimum fixing set for a
connected graph G. The fixing sum and the fixing percentage of G with respect to D
are defined as Fsum(D) =
∑
x∈D
f(x;D) and F%(D) = |D|
Fsum(D)
respectively.
For the graph G1 of Figure 1, Fsum(D1) = 6 and F%(D1) =
2
6
= 1
3
.
Theorem 3.7. Let G be a complete graph of order n ≥ 3 and let D be a minimum
fixing set of G. For every v ∈ D, it holds that f(v;D) = n
2
. Furthermore, Fsum(D) =
(n− 1)n
2
and F%(D) = 2
n
.
Proof. Let V (G) = {v1, ..., vn}. Since G is a complete graph, so Vs(G) = {(vi, vj) :
i 6= j and 1 ≤ i, j ≤ n}. Also, the cardinality of a minimum fixing set of G is n− 1.
Let D = {v1, v2, ..., vn−1} ⊂ V (G) be such a minimum set (note that D is a twin-set
in G). Then, for each i with 1 ≤ i ≤ n − 1, we have that F (vi) = {(vi, vj) : j 6= i
and 1 ≤ j ≤ n}. It can be seen that for each j with j 6= i and 1 ≤ j ≤ n − 1, we
obtain |F(vi, vj)| = 2 because (vi, vj) appears in exactly two F (vi), being i such that
1 ≤ i ≤ n−1. Also, |F(vi, vn)| = 1 since (vi, vn) appears in exactly one F (vi), being
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i such that 1 ≤ i ≤ n− 1. Therefore, f(vi;D) = (n− 2)
1
2
+1 = n
2
, and consequently
Fsum(D) = (n− 1)
n
2
and F%(D) = 2
n
. 
Theorem 3.8. Let G be a path of order n ≥ 2 and let D = {v} be a minimum
fixing set of G. Then, f(v;D) = ⌊n
2
⌋ = Fsum(D) and F%(D) =
1
⌊n
2
⌋
.
Proof. As fix(G) = 1 and one of the end vertices of G forms a fixing set, say
D = {v}. Also |Vs(G)| = ⌊
n
2
⌋ and v is the sole fixer of the ⌊n
2
⌋ pairs of Vs(G).
Thus, |F (v)| = ⌊n
2
⌋ and |F(u, v)| = 1 for all (u, v) ∈ F (v). Hence, f(v;D) = ⌊n
2
⌋ =
Fsum(D) and F%(D) =
1
⌊n
2
⌋
for all n ≥ 2. 
Remark 3.9. Since, a path Pn is a graph with fixing number 1 and a complete graph
Kn is the graph with fixing number n− 1, hence we can deduce that for a connected
graph G of order n ≥ 2, 1 ≤ Fsum(D) ≤
(
n
2
)
and 2
n2−n
≤ F%(D) ≤ 2
n
.
Two vertices u and v in a connected graph G of order n are said to be antipodal
vertices if d(u, v) = n
2
.
Theorem 3.10. Let G be a cycle graph of order n ≥ 4 and let D be a minimum
fixing set of G. For each v ∈ D, the fixing share f(v;D) = 1
2
(
n
2
)
. Moreover,
Fsum(D) =
(
n
2
)
and F%(D) = 4
n2−n
.
Proof. Let D = {u, v} be a minimum fixing set of G consisting of two non-antipodal
vertices u and v, and observe that |Vs(G)| =
(
n
2
)
. We distinguish two cases.
(1) Case (when n is even): We notice that |F (v)| =
(
n
2
)
− n−2
2
. There are two
types of pairs (x, y) in F (v). Indeed, (i) there are (n−2
2
) pairs (x, y) in F (v)
such that |F(x, y)| = 1 (as v is the sole fixer for (n−2
2
) pairs in F (v)), and (ii)
there are
(
n
2
)
− (n− 2) remaining pairs (x, y) in F (v) such that |F(x, y)| = 2
(as u and v equally participate to fix
(
n
2
)
− (n− 2) remaining pairs in F (v)).
Thus, f(v;D) = n−2
2
+ 1
2
[
(
n
2
)
− (n− 2)] = 1
2
(
n
2
)
for each v ∈ D.
(2) Case (when n is odd): We notice that |F (v)| =
(
n
2
)
− n−1
2
. There are two
types of pairs (x, y) in F (v). Indeed, (i) there are (n−1
2
) pairs (x, y) in F (v)
such that |F(x, y)| = 1 (as v is the sole fixer for (n−1
2
) pairs in F (v)), and (ii)
there are
(
n
2
)
− (n− 1) remaining pairs (x, y) in F (v) such that |F(x, y)| = 2
(as u and v equally participate to fix the remaining
(
n
2
)
− (n − 1) pairs in
F (v)). Thus, f(v;D) = n−1
2
+ 1
2
[
(
n
2
)
− (n− 1)] = 1
2
(
n
2
)
for each v ∈ D.
Hence, Fsum(D) =
(
n
2
)
and hence F%(D) = 4
n2−n
. 
4. Summary
In this paper, we have first described some properties of fix(u, v). Then, we have
found bound on the cardinality of the edge set of the fixing graph of a graph G.
Also, we have defined fixing share of a vertex in a fixing set D of a graph G and
studied it for vertices in fixing sets of some common classes of graphs.
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